FORMALITY OF CERTAIN CW COMPLEXES AND APPLICATIONS 
TO SCHUBERT VARIETIES AND TORUS MANIFOLDS 
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Dedicated to Prof. C. S. Seshadri on the occasion of his eightieth birthday 

Abstract. Let A be a path connected topological space having the homotopy type of 
a CW complex. We show that X is formal if H*(X;Q) is generated by H k (X;Q) for 
some even integer k > 2 where dimH k (X;Q) < oo. As an application we show that 
any union of Schubert varieties in a generalized complex flag variety G/B, where G is 
a complex semisimple Lie group and B, a Borel subgroup is formal. The same result is 
also obtained for Schubert 'varieties' in quaternionic complete flag manifolds. Also we 
obtain a new proof of a result of Panov and Ray that any torus manifold over a homology 
polytope where the torus action is locally standard is formal. 



1. Introduction 

Any path connected topological space X has a functorial differential graded commuta- 
tive algebra (dgca) A PL (X) over Q, a minimal model (Aix, d) (which is a dgca) and a dgc 
algebra morphism px '■ M-x — > -<4plP0 such that px induces isomorphism in cohomology. 
The minimal model is unique up to isomorphism. The space X is called formal if there 
exists a dgca morphism (Aix,d) — > (H*(X;Q),0) which induces isomorphism in coho- 
mology. If X is a simply-connected space, its rational homotopy type is determined by 
AAx- In case X is formal, M.x is determined by H*(X\ Q) and so the rational homotopy 
type of X is a formal consequence of its cohomology algebra. 

Our main result is the following. 

Theorem 1.1. Let X be a path connected topological space having the homotopy type of a 
CW complex. Suppose that there exists an integer k > 1 such that H*(X; Q) is generated 
as an algebra by H 2k (X; Q) and that dimH 2k (X; Q) < oo. Then X is formal. 

When X is a CW complex with only even dimensional cells, we obtain a stronger result. 
See Theorem 2.6. 

Denote by F the field C of complex numbers or the division ring EI of quaternions. Let 
FFlag nr be the F-flag manifold Uv(n) / ((Uw(l)) r x Uf{n — r)) where Uf(n) denotes the 
unitary group U(n) or the symplectic group Sp(n) according as F = C or EI respectively. 
One has the Schubert cell decomposition of FFlag nr ; the closures of the cells are known 
as Schubert varieties or Schubert cycles. 
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Suppose that G is a connected complex semisimple Lie group and B C G a Borel 
subgroup. The homogeneous space G/B is a complex projective variety which admits 
an algebraic cell decomposition resulting in a CW structure with cells only in even (real) 
dimensions. Their closures are again known as Schubert varieties. When G = SL(n, C) 
the variety G/B is diffeomorphic to CFlag nn _ 1 defined above. 

Theorem 1.2. Any union of Schubert varieties in G/B or in ¥Flag nr ,l < r < n, is 
formal where ¥ = C,H. 

A compact connected smooth 2n- dimensional orientable manifold which is acted on 
effectively by an n-dimensional torus T = (S 1 )™ (with additional orientation data) is 
called a torus manifold. We assume that the T-action M is locally standard. This implies 
that the quotient space M/T = P is a manifold with corners, modeled on open sets in 
1R™ . We say that M is over P. When P is a simple polytope, that is, P is a convex 
polytope in which exactly n codimension one faces of P meet at each vertex, then the 
manifold M is called a quasi-toric manifold. In general P need not even be a polytope. We 
shall be concerned with the case when P is a homology polytope. The notion of quasi-toric 
manifolds is due to M. Davis and T. Januszkiewicz [4] who called them 'toric manifolds'. 
(The appellation quasi-toric manifolds is due to [3] so as to distinguish them from the 
underlying smooth manifold of a non-singular toric variety, which are often referred to 
as toric manifolds.) Torus manifolds where introduced by Hattori and Masuda [10] as a 
generalization of the notion of unitary toric manifolds, which are torus manifolds equipped 
with a T-invariant unitary structure, due to Masuda [13]. 

As an immediate consequence of Theorem 1.1 we obtain a new proof of the following. 

Theorem 1.3. ([18]) Any torus manifold M with locally standard action over a homology 
polytope is formal. In particular, if M is simply connected its rational homotopy type is 
determined by its rational cohomology algebra. 

The main tool needed to obtain the above result is a criterion for the formality of cell- 
attachment. Suppose that A is a finite CW complex which is formal and that Y := XU a e n 
is obtained by attaching a cell via a map a : § n_1 — > A. Note that the rational homotopy 
type of Y depends only on the [a] e 7r„_ 1 (A). If [a] = in 7r^_ 1 (X), then Y has the same 
rational homotopy type as A V § n and hence is formal. We have the following result. Let 
rj : tt® (A) — > Hk(X; Q) denote the Hurewicz homomorphism. Let j : Y <— > (Y, A) denote 
the inclusion map. Denote by u the generator [e n ] 6 H n (Y,X; Q). 

Theorem 1.4. Suppose that X is a simply connected CW complex and that Y = XU a e n . 
We keep the above notations. Suppose that T]([a\) = 0. (i) If [a] G 7r Tl _i(A) is a torsion 
element then j*(u) is indecomposable and Y is formal, (ii) Let [a] ^ in 7r^_ 1 (A). Then 
Y is formal if and only if j*(u) =: u is decomposable in H*(Y; Q). 

When M is a quasi-toric manifold, Theorem 1.3 was proved by Panov and Ray [18] 
using completely different techniques. They remark that their proof also holds for the 
class of torus manifolds with locally standard action over homology polytopes. 
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The paper is organized as follows. We recall basic notions of rational homotopy theory 
in §2.1. Theorem 1.4 is proved in §2.5. We prove Theorem 1.1 in §2.6. Theorem 1.2 
is proved in §3.1. In §3.2 we recall the definition of torus manifolds and describe their 
cohomology algebra and prove Theorem 1.3. 

Throughout this paper H*(X) denotes the singular cohomology of X with Q- coefficients. 
All differential graded commutative algebras will be over Q. 

2. Minimal models and formality 

In this section we recall the notion of a Sullivan algebra, the Sullivan model for a cell 
attachment, and the stepwise construction of the minimal Sullivan model for a differential 
graded commutative cochain algebra. We also prove Theorem 1.4. The reader is referred 
to [7] for a comprehensive treatment of rational homotopy theory. 

2.1. Sullivan algebra. A differential graded commutative algebra (abbreviated dgcd) 
(M, d) is called a Sullivan algebra if the following hold: (i) Freeness: There exists a 
graded Q- vector space V = ® q >iV q such that M is freely generated by V, that is, M = 
AV := S*(V even ) ®E*(V odd ) where V even = ® q >iV 2q , V odd = ® q >iV 2q ~ l . Here S*(V) 
denotes the symmetric algebra on V and E*(V) denotes the exterior algebra on V. (ii) 
Nilpotence: There is a well-ordering on a basis {v a } of V consisting of homogeneous 
elements such that for each a, d{v a ) is a polynomial in the vp, (3 < a. 

The nilpotence condition can be restated as follows: There is an increasing filtration 
V = Uk>oV(k), such that d{V{k)) C A{V{k)) and there exists a subspace Vk C V{k) such 
that d(V k ) C A(V(k - 1)) and A(V(k)) = A(V k )®A(V(k - 1)). This filtration is referred 
to as the lower filtration of M. 

A Sullivan model (M, d) for a dgca (A, d) is a Sullivan algebra (M, d) together with a 
dgca morphism / : M — )■ A which is a quasi-isomorphism. Thus, / is a dgca morphism 
which induces an isomorphism /* : H*(M,d) — > H*(A,d). A Sullivan model (M,d) is 
called a minimal model if d(M) C M + .M + , the ideal of decomposable elements. A dgc 
algebra A with H° (A) = Q has a unique minimal model up to isomorphism. Such a dgc 
algebra is called formal if there exists a dgc morphism $ : (Ma, d) — >■ (H*(A),0) which 
is a quasi-isomorphism where M.a denotes the minimal model of A. 

Suppose that X is a path connected topological space. A Sullivan model (resp. minimal 
model) for X is by definition a Sullivan model (resp. minimal model) for Api,(X). Any 
path connected space has a minimal Sullivan model M.x- See [7, Proposition 12.1]. 
Minimal models of X are unique up to isomorphism provided H X {X) = 0. If X is simply 
connected, then Hom(7r fc (X), Q) = V k where M x = A(V),V = ®k>2V k denotes the 
minimal model of X. If X and Y are simply connected and have the same rational 
homotopy type, then their minimal models are isomorphic (as dgc algebras). In fact 
we have a bijection between the collection of all the rational homotopy types of simply 
connected spaces and the collection of all isomorphism classes of minimal Sullivan algebras 
over Q. Assume that X and Y are simply connected and that their rational cohomology 
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algebras are of finite type. Then we have an isomorphism of sets: [X , Yo] _ > [My,Mx] 
where X denotes the rationalization of X, [A, B] denotes the cochain homotopy classes of 
dgca morphisms A — > B and Mx '■= Ma pl (x) is the minimal model of X. Observe that 
Mx and Mx are naturally isomorphic since X C X Q is a rational homotopy equivalence. 
The isomorphism is obtained by sending [/] G [X , Y ] to the cochain homotopy class of 
any lift 9 : My — > Mx of Ap^f) : Apl(Y ) — > Ap^Xq) so that the following diagram 
commutes: 

M Y — > M Y 

niY I 4 mx 

ApM) A ^H ] A PL (X ). 

Notations. If V is a graded vector space, then V- k (resp. V <k ) denotes the subspace 
consisting of elements of degree atmost k (resp. k). If A is a differential graded algebra, 
A- q (resp. A <k ) denotes the differential graded subalgebra of A generated by elements of 
degree atmost (resp. less than) k. 

If A is a dgc algebra, we denote by T>(A) (or simply T> if A is clear from the context) 
the ideal of decomposable elements in A. By abuse of notation we write A n /T> to mean 
A n /V n A n c A/V. 

Two dgc algebras (A, d) and (B,d) are quasi-isomorphic if there is a finite sequence 

of dgc morphisms / := {fi} where A A\ A A 2 A ■ ■ ■ ^i— 1 A 2 n with (A , d) = 
(A, d), (A 2n , d) = (B, d) such that induced morphisms in cohomology are all isomorphisms. 

In this case we write (A,d) A (B,d) or (A,d) ~ (B,d). We denote by /* : H*(A,d) -> 
H*(B, d) the composition of isomorphisms (i^n-i) 1 * * * ° fo ■ 

2.2. Construction of minimal model. We briefly recall the construction of the min- 
imal model (MA,d) for a dgca (A,d) with H°(A,d) = Q, in the special case when 
H\A,d) = 0. See [7] for details. 

Choose cocycles z a G A 2 , a 6 J 2 , so that the cohomology classes [z a ] € if 2 (A) form a 
Q-basis. Let C A 2 be the Q-span of {z a },a G J2. Then the inclusion map V 2 — > A 
extends to a dgca morphism m 2 : (A\^ 2 ,0) — > (A, d) inducing an isomorphism in degree 
2. Since -ff 1 (A) = 0, and if 3 (AV^ 2 ) = we see that m 2 induces isomorphism in degree 
< 2 and a monomorphism in degree 3. 

Inductively assume that we have constructed V\ j < k, and a dgca morphism : 
(A(©j<fcV r - 7 ), d) — > (A, d) which induces isomorphism in degree < k and a monomorphism 
in degree k + 1. We now explain how to construct and rrik+i- 

Choose cocycles z a G A k+1 ,a G Jfc+i, such that the images of the [z a ] G H k+1 (A) 
form a Q-basis for the cokernel of H k+1 (A((Bj<kV~'), d) — > H k+l (A). Also choose cocycles 
up G A(®j< k V j ) k+2 , p G so that the [u p ] G F fc+2 (A(© i < fc ^'), d) form a Q-basis for 

the kernel of H k+2 {rrik). Choose wp G A k+l such that rrik(up) = dwp. 

Set \^ fc+1 := ® aG j k+1 Qz a © (ffi^ej^^^) and extend the derivation on A(V- k ) to a 
derivation on A(l / - fc+1 ) by setting dz a = 0,dvp = up. The morphism is extended to 
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A(V- k+l ) by setting m k+l (z a ) = z a ,a G J k +i, and m k+ i(vp) = wp, (3 G J' k+V Then m k+1 
induces isomorphism in degree < k + 1 and a monomorphism in degree k + 2. The required 
minimal model (Ma, d) is (AV, d) with V := ©£>2^ fe and the morphism m : Ma — >■ A is 
defined by m|yfc = mfc|yfc, k > 2. 

Suppose that A is formal, say, : A^a - >■ if* (A) is a quasi-isomorphism. We claim 
that may be chosen so that (j>(z a ) = [z a ] for all a & J k , k > 2 and (^(i^) = 0. To see 
this, start with any dgca morphism 6 : M A — > H*(M A ) which induces an isomorphism 
H*(M A ) ->■ H*(M A )- Then the composition (0*) _1 o0 : M A ->■ if* (.Ma) induces identity 
map in cohomology. Then = m* o o 9 satisfies our requirements. 

2.3. Minimal models and inverse limits. Let f n '. A — y A n , f mn '■ A n — y A m , n ^ 

m > 1 be dgca morphisms such that /„ jn = id and / mj „ o /„ = / m . Suppose that 
f* m : W(A) ->■ m(A m )J* mn : F 9 (A„) ->■ fP(A m ) are isomorphisms for g < m. We 
assume that if°(A) = Q.if^A) = 0. Denote by M = A(V),V = ® q > 2 V q , the minimal 
model of A. 

Let z a ,a G J q ,vp,up,wp, j3 G have the same meaning as in the above description 
of V q . The quasi-isomorphism m : M — > A is chosen to be as described above. We set 
z n ,a ■= fn(z a ) G A n , a G J q , for q < n and w n # := f n (wp), P £ J' q for all q < n - 1. Then 

fm,n( Z n,a) = Zm,a and f m ,n( W n,p) = Wm,/3- Moreover, Setting := © a eJ,Q2f»,a ®/3eJ' q 

Qv n}q ,q < n, we obtain a dgca A(©2<g<nV^) where the differential is defined as dz njCe = 
0, dv n fi = u n fi. Also, we have a dgca morphism /i n : A(© 2 < g <„l^) —y A n defined as 
Hn(z n ,a) = z H:Ct = /„ o m(z a ) and Hn(v n ft) = w n> fi. Since /* : ->■ is an 

isomorphism for q < n, it follows that /i n induces isomorphism in dimensions q < n. 
Denoting the minimal model of A n by M n , it is clear from the stepwise construction of 
M n that M <n = A(Q) q<n Vn,q) and that the quasi-isomorphism m n : M n — > A n may be 
chosen to agree with /i n on M^ n . Thus we have a commuting diagram of dgca morphisms 

M ^ M n 

m 1 1 m n 

A A A n 

in which Q n \vi is an isomorphism for q < n where z a t-> z n>a , a G J q , and vp >->■ i; nj/ g, /3 G 
Jg. Furthermore when m < n there are dgca morphism $ mi „ : .M n — >■ M m covering 
f m ,n ■ A n ->■ A m such that $ 

are isomorphisms of dgc algebras onto M< n and M^ 71 respectively. We denote by 
the dgca morphism $ m ,n\ M £* '■ M^ n -> A1^ 9 . 

Lemma 2.1. Let A, {A n , f m ,n}, {M n , &m,n} be as above. Suppose that H° (A) —Q,H 1 (A) = 
0. Then: (i) The minimal model M is the inverse limit of {M n , $m,n}- 
(ii) If each A n is formal, then so is A. 

Proof, (i) From the above discussion it is clear that M- q is isomorphic to the inverse limit 
of {M^ q , ^„f n } as a dgc algebra. It follows that M is isomorphic to the inverse limit of 

{M n ,<5>m,n}- 
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(ii) Choose dgca morphisms <p n : Ai n — > H*(A n ) so that <ft n induces isomorphism in 
cohomology and <p n (z n>a ) = [z n>a ], 4> n {vp) = for a G J q , (3 G J' q ,q < n. (See §2.2.) Then 
we have a diagram 



which commutes for all q < m < n. In view of the assumption that /* : H q (A) — > H q (A n ) 
and f^ nn : H q (A n ) — > H q (A m ) are isomorphisms for q < m, we see that the first assertion 



Remark 2.2. One has the following description of Vq = V(0) and V\ C V(l) in the 
case when A is the cohomology algebra of a space (with d = 0). We have V(0) R V k = 
®aej k Q z a C V k . Note that d = on V(0) and hence on A(V(0)). It is evident that the 
inclusion V(0) — > A yields a dgca morphism A(V(0)) — > A which induces a surjection 
H*(A(V(0))) -> H*(A). Let K = ® k >\K k denote its kernel. Then K k = 0, k < 3. We 
have V x n V k = K k+1 /(J2i<i< k ^-A fc+1 ^(^(0)). 5ee [9, §3] /or rfetoz/erf rfzscwsszon and a 
complete description of V k for all k. 

2.4. A model for cell attachment. Let X be a simply connected topological space. 
Let Y = X U a e n where a : § n_1 — > X represents an element [a] G 7r n _i(X). We assume 
that n > 2 so that Y is also simply connected. We recall the following proposition which 
will play a crucial role in our proofs. Let mx '■ (Aix,d) — > (Ap^(X),d) be a minimal 
Sullivan model for X. Suppose that M.x = A(V) so that V = @k>2V k . (Note that 
V 1 = since X is simply connected.) Recall that V k = Hom(7Tfc(X), Q); thus we have 
the pairing (— , -) : V k x tt^(X) Q defined by evaluation. If n = 2, then [a] = as X 
is simply connected. It follows that Y ~ X V S> 2 which is formal. 

Let n > 3. Let M a = A(V a ) be the dgca defined as follows: V a := V © QWq,, deg(« Q ) = 
n, u 2 a = u a .v = 0,v G V, with differential c? a where d a {u a ) = and d a {v) = dv + 
(v, a)u a , v G V. 

Proposition 2.3. The dgca (M a , d Q ) defined above is a model forY = XU a e n . Moreover, 
one has the following diagram of dgc algebras in which the rows are exact and the vertical 
arrows are quasi-isomorphism: 




H*(A n ) f H n H*(A m ) 



of the lemma implies the second. 



□ 



->• 







A PL (Y,X) 
I* 



^ M a A M x ^0 
P 4 ]) Api(Y) Ap 4 l) A PL {X) ^0 



A 



where i : X ■=->■ Y and j : Y (F, X) are inclusions and A induced by projection 
V a — > V. The induced diagram 
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0^ Qu a <—} H*(M a ) 4 H*(M X ) ^0 
1= I /i* I $* 

0^ H*(Y,X) 4 H*(Y) 4 H*(X) ^0 W 
1= 

zs commutative with exact rows in which the vertical arrows are all isomorphisms. □ 

We refer the reader to [7, Chapter 13] for a proof. 

Remark 2.4. The dgca M a is not a minimal model for Y most often. Indeed it is not 
free except in the case V = and n odd, since u 2 a = and the relation u a .v = holds for 

veV. 

2.5. Proof of Theorem 1.4. We keep the notations and set-up of §2.4. It is understood 
that a base point for X is chosen and fixed and it serves as the point for Y = X U Q e n as 
well; the homotopy groups are defined with respect to this choice and will be suppressed in 
the notation ir k (X), etc. Recall that i (resp. j) denotes the inclusion X y Y (resp. Y ^y 
(Y,X)). Also V and W are graded vector spaces so that Mx = A(V) and My = A(W). 
One has a morphism of dgca : M.y —> M-x which is a lift of A-p^ii) : A-p-^{Y) — y Apl(X). 
The linear part Q{4>) : W — > V of is defined by the requirement that 0(u>) — Q((f>(w)) G 
A- 2 V; it induces i* : Hom(7Tfc(Y~), Q) — y Hom(7Tfc(X), Q) for all k under the isomorphisms 
V k Hom(7r fe (X),Q) and W k HormVj^Y), Q). 

Recall that X is simply connected. By the relative Hurewicz theorem, we obtain that 
r] : TT n (Y, X) = H n (Y,X; Z) = Z. The group ir n (Y, X) = Z is generated by the homotopy 
class of the characteristic map 5 : (D n , § n_1 ) — y (Y, X) of the cell e a . The homomorphism 
d : 7i n (Y,X) —y 7r n _i(X) maps [5] to [a]. Denoting by tt^ the rational homotopy group 
functor 7Tfc(— ) £g> Q, we have the commuting diagram 

i#(Y) 4 i#(Y,X) A irtiW 
Vi Vi iv (2) 

H n (X) -> H n (Y) 4 F n (Y,X) 4 
where rj denotes the Hurewicz homomorphism, with the middle one being an isomorphism. 

Suppose that 17 ([a]) 7^ 0. Then 9(77 [a]) = 77 ([a]) ^ and since H n (Y,X) = Q, we 
conclude that j* = and i* : H n (X) —y H n (Y) is an isomorphism since H n+ i(Y, X) = 0. 
Therefore i* : H n (Y) —y H n (X) is also an isomorphism. 

Suppose that ^([«]) = 0. This happens, for example, when a is a torsion element or 
when H n -i(X) = 0. (However 77 [a] = does not imply that a is of finite order. For 
example, one can choose a to be an element of infinite order in 7T4 m _i(S 2m ).) There 
exists an element 7 e H n {Y) such that .7* (7) = ^([5]). Let u denote the generator 
of H n (Y,X) = Hom(# n (F,X),Q) = Q such that {u,r){[a})) = 1. Then f(u) =: u 
is a non-zero element of H n (Y) and we have (u, 7) = 1. Therefore, using the exact 
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sequence H n - X (Y,X) 4 H n ~ x (Y) U H n ~ x (X) -> H n (Y,X) h H n (Y) U H n (X) -> 
H n+1 (Y,X) = 0, we have 

H n (Y) * f H n (X) © Q-u if 77(H) = 0, , . 

« ^(x) if r/([a]) ^0, 1 j 



and 



ff"—l(Y\ ~ J tf"" 1 ^) if »?([«]) =0. ^ 

^ /^-i(y)©QS if 77([a])^0. l j 



Since Hom(7r n _i (X) , Q) S V ft_1 , using the exactness of the sequence vr^(F, X) 4 tt^X) 
^(y) ->■ 7rJ_ 1 (y,X) = we see that 

T/ n-i^f W^eQ if [a]^0, , . 

^ ~ \ r- 1 if [a] = o, [b) 

via the restriction of Q{4>). 

Summarizing the above discussion we obtain the following. 

Lemma 2.5. (i) Suppose that r][a] = 0. Then j*(u) = u ^ and H n (Y) = H n (X)®Qu, 
H k (Y) H k {X), k^n. If [a] ^ in vr^X), then V n ~ l = W n ~ x © Q. 
(it) Suppose that rj[a] ^ 0. Then f(u) = and H k (Y) = H k (X), k^n—1, H n ~ x {X) = 
H n - l (Y) © Q[u\. Moreover V n ~ l ^ W n ~ x © Q. □ 

We now establish Theorem 1.4. 

Proof of Theorem 1.4- (i) If [a] G 7T n _i(X) is a torsion element then K is rational 
homotopically equivalent to Xo V § n . Hence Y is formal. 

(ii) Assume that [a] G 7r n _i(X) is of infinite order and that j*(u) = u is decomposable. 
Since n([a]) = 0, we have m^0. By Lemma 2.5, i* : H k (Y) — >• H k (X) is an isomorphism 
if 7^ n and is a surjection when k = n. Choose a splitting 9 : H n (X) — > H*(Y) of z*. 

Write u = P(v\,. . . ,v r ) with v q G if <n (y) = H <n (X) where w g are indecomposable 
elements. Since H*(A4x) —> H*(X) is onto, we choose cocycles v q G M.x so that v q h- > 
We set u> = -P(t>i, . . . , tv) G A^x- Since X is formal we have a quasi-isomorphism 
$ : (M x ,0 -> (#*(X),0). Since i*(u) = we have . . . , v r )) = in # n (X). 

That is, P(fi,...,f r ) =: w G ker($). Note that w G Alx is a cocyle. Since <3>* is a 
monomorphism, w = d{v a ) for some v a G Alx- We claim that (v a , [a]) ^ 0. Indeed, by 
Proposition 2.3, \i : (M Q , d a ) -H- Apl(F) is a quasi-isomorphism and by the commutativity 
of the diagram (1), we have = P(v\, . . . ,v r ) = u6 H n {Y) is non-zero. So [w] ^ 

in H n (M a ). If (v a , [a]) = 0, then d a (v a ) = d(v a ) = w, whence //*(M) = in H n (M a ), a 
contradiction. Therefore (u a , [a]) ^ 0. Now this implies that v a £ Q((fi)(W) because, for 
any w' G Q{<f)){W) we have (Q((j))(w'),a) = (w',7r*(i)(a)) = (w',0) = 0. 

Define a vector space homomorphism if) : V a — > H* (Y) as follows: 

(i*)' 1 o if f G V"* 1 , fe^n, 

= <( 0($(v)) if v G V", 

—u/ (v a , [a]) if w = m q . 
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This extends to a homomorphism, again denoted ip, of the graded commutative algebra 
M a because the relations u 2 = 0, u.z = for all z G H*(Y) hold. (These relations follow 
from the observation that for z G H k (Y), the composition H n (Y,X) ^1 H n+k (Y, X) ^ 
H n+k (Y) maps u to u.z and that H n+k (Y,X) = if k > 0.) Note that ^(w) = u. 

We claim that ^ is a dgca morphism, that is, ip°d a = 0. Clearly i[)(d a (u a )) = ip(0) = 0. 
Let t> G ^ fc . Define vq G y fc by the relation v — Vq + rv a for a suitable r G Q so that 
(vo, [a]) = 0. (Note that Vo — v if k ^ n — 1.) Then d a (u) = rf(f ) + ™ + r(t> a , So 
i()(d a (v)) = i/j(d(v )) + ru — ru = (z*) _1 ($(<i(i>o))) = since ip(w) = u and since <£> o d = 
as $ is a dgca-morphism. Finally note that ip* : H*(M a , d a ) — )■ is an isomorphism 

since w is in the image and $* is an isomorphism. Hence ip is a quasi-isomorphism and 
so K is formal. 

To prove the converse part assume that H 1 (Y) = 0. Let [a] in 7r^_ 1 (X). As- 
sume that j*(u) = u is not decomposable, and that Y" is formal. We shall arrive at a 
contradiction. Recall that by Proposition 2.3, u : M a v4pl(Y) is a quasi-isomorphism. 

Let f : A4y — >■ M a and $ : My — > H*(Y) be quasi-isomorphisms so that u* o u* = . 
Let A : M a — > Aix be the dgca morphism considered in Proposition 2.3. Then <ft = A o v : 
M Y -> jMjf is a lift of A PL (z) : A PL (Y") A PL (X) and induces i* : #*(Y) H*(X). 
From (5), we have an isomorphism V n ~ x = W 71 ' 1 © Q given by Q{4>). Also V k = W k if 
k <n-2. 

Consider the dgca morphism i : A(W / - n ~ 1 ) — > M a . Then i* is an isomorphism in dimen- 
sion < n - 2 and the cokernel of t* : H n {K{W^ n - 1 )) -> H n (M Q ) = H n (Y) is isomorphic 
to ker(dy) n r. Since [dv a ] = u and since cfc Q G A(V^™~ 2 ) = A(W^ n ~ 2 ), we see that 
u belongs to the image of (t*). Since u is indecomposable we see that dim(cofcer(i*)) < 
dim(H n (M a )/V) = dim(H n (Y)/V). Therefore dim(ker(rf y ) n W n ) < dim(H n (Y)/V). 
On the other hand, since Y is formal, dim(H n (Y) /V) = dim(ker(<iy) D W n ). Therefore 
we conclude that Y cannot be formal. □ 

2.6. Formality of certain CW complexes. We are now ready to prove Theorem 1.1. 

Proof of Theorem 1. 1 Without loss of generality we assume that X itself is a CW complex. 
Let X' := X/X^ -1 ) be the CW complex obtained from X by collapsing its 2k — 1- 
skeleton X^ 2k ~ l \ Note that the 2/c-skeleton of X' is a bouquet of 2A;-spheres. Denote by 
q : X — > X' the quotient map. Then q* : H m (X';Q) — > H m (X;Q) is an isomorphism 
if m > 2k and is a surjection when m = 2k. Also, g* : H 2 k(X;Q) — > i? 2 fe(X / ;Q) 
is a monomorphism. Denote by ep,/3 G J, the 2fc-cells of X which are also the 2k- 
cells of X'; the classes ap := q*([ep]),j3 G J, span H 2 k(X f ). Let / C J be such that 
the image of {[a 7 ] | 7 G /} under the quotient map H 2 k(X') — > H 2 k(X') / Tm(q*) is 
a basis over Q. Attach disks D 2k+1 = D 2k+1 along the inclusion maps of the closed 
cells E> 2k = e 7 ^ X',7 G J, to obtain the CW complex X = X' U 7£/ D 2k+1 so as to 
kill the a j. We have the obvious map q : X — > X which is the composition X A 
X' 7- X. By construction q* : H 2 k{X) — > H 2 k(X) is an isomorphism, and since k > 1, 
H m (X) — > H m (X) is an isomorphism for m > 2 A; + 1. It is readily seen that : 
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H2k+i(X) = H 2 k+i{X). Thus q induces isomorphism in rational homology and hence 
q* : H*(X) — > H*(X) is an isomorphism of algebras. Since X is simply connected, by 
[7, Theorem 9.11], X is rationally equivalent to a CW complex Z which has cells only 
in dimensions of the form 2kl. In fact one has a continuous map / : Z — y X which is a 
rational homotopy equivalence. We shall show below that Z is formal. In view of the fact 
that the composition X A- X <— Z induces an isomorphism in rational cohomology, we 



in rational cohomology. Since = = H x {Zi) = 0, we conclude that the quasi- 

isomorphism A PL (Z) -H- A PL (X) lifts to an isomorphism 6 : M. z — >■ M. x . In particular 
X is formal since Z is. 

To complete the proof it remains to show that Z is a formal space. Our hypotheses 
that dimH 2k (X) < oo and that H*(X) is generated by H 2k (X) implies that Z has 
only finitely many cells in each dimension. Note that since Z is connected and has only 
even dimensional cells, it is simply connected and has exactly one 0-dimensional cell. If 
dim Z = 2k, then Z is a wedge of (finitely many) spheres § 2fc and hence formal. 

So assume that dim Z > 2k. First we consider the case where Z is finite dimensional. 
In this case the proof will be by induction on the number of cells of Z. 

Suppose that H*(Z) is generated as an algebra by elements of degree 2k and that Z is 
formal. Let Y = Z U Q e n , n = 2kl,l > 1. Since H n ~ x {Z) = 0, we have r)([a\) = 0. By 
hypothesis H n (Y) consists entirely of decomposable elements. Hence j*(u) = u G H n (Y) 
is a (non-zero) decomposable element. It follows from Theorem 1.4 that Y is formal. 

Finally, we suppose that Z is infinite dimensional. Consider the n-skeleton Z^ 1 of Z. 
As observed already, it is a finite CW complex. In view of the fact that H*(Z) — > H*(Z n ) 
is surjective map of algebras, we see that H*(Z^) is generated by H 2k (Z^). Hence by 
what has been established already, for each n > 2, the n-skeleton Z^ of Z is formal. Set 
A„_i := A PL (Z( n )),A := A PL (Z), and let f n :A-+A n and / m , n : A n -> A m ,m < n, be 
the dgca morphisms induced by inclusions Z*™^ Z and Z^ m+1 ^ <—y Z^ n+1S) respectively, 
we see that the hypotheses of Lemma 2.1 are satisfied and we conclude that Z is formal 
since Z^ are all formal. □ 

We remark that X and X are not of the same rational homotopy type in general since 
X is not assumed to be simply connected. 

When X is a CW complex with only even dimensional cells we obtain the following 
stronger result. 



Theorem 2.6. Suppose that X is a CW complex with cells only in even dimensions. 
Suppose that (i) Z is a finite subcomplex of X which is formal, and, (ii) the cohomology 
class [e 2n ] G H 2n (X; Q) of any cell e of X which is not in Z is in the subalgebra generated 
by the classes of cells in the 2{n — 1)- skeleton of Z . Then X is formal. 



obtain that the dgca morphisms A-p-^(Z) 




FORMALITY OF SCHUBERT VARIETIES AND TORUS MANIFOLDS 



11 



Proof. Note that X is simply connected and that it has finitely many cells in each di- 
mension. Enumerate the cells of X not in Z as ej,e2, so that dime; < dimej for 

i < 3- 

Set Zq := Z and inductively define Zj = Zj_i U ej C X. Then Z is formal by 
hypothesis and the formality of Zj-i implies the formality of Zj for j > 1 by Theorem 
1.4. In particular each n-skeleton of X is formal for each n > dimZ. Hence X itself is 
formal by Lemma 2.1. □ 

We give below an example of a finite CW complex with only even dimensional cells 
which is not formal. 

Example 2.7. (i) Let X = § 2 V § 2 V § 2 . Then X is formal. Computing the minimal 
model M.x = A(V) of X up to degree five we have the following table. 



degi 


dim V 1 


basis 


differential 


2 


3 


a\,d2, as 


dai = 


3 


6 


61,62,63 


dbi = a% 






612,623,613 




4 


12 


Cij , ^ 7^ J 


dc<i j — CL j Gfi^ b j j 


5 


12 


kij 1^ / 3 





Let a G 7Ts(X) &e swc/i t/iat (ku,a) = 1. Lei K = X U a e 6 . T/ien K is not formal by 
Theorem I.4 because the class [u] € H 6 (Y;Q) = Q is indecomposable, 
(ii) Consider the same space Y regarded as a subcomplex ofY = CP 3 V CP 3 V CP 3 U a e 6 
where we regard X as the 2-skeleton of X := CP 3 VCV 3 VCP 3 . Note thatn 5 (X) = and 
so [a] = 0. It follows that Y is formal. Since Y is not formal we see that a subcomplex of 
a formal space with only even-dimensional cell is not necessarily formal. 

Remark 2.8. (i) By a result of Halperin and Stasheff [9, Theorem 1.5] a nilpotent finite 
CW complex with only odd dimensional cells in positive dimensions is formal. Such a CW 
complex is in fact rationally equivalent to a bouquet of odd- dimensional spheres. Halperin 
and Stasheff point out that this result has also been obtained independently by Baus. 
(ii) Papadima [19] has obtained a criterion for the formality of cell attachments. He 
also considers spaces X whose cohomology algebra is generated by degree k elements and 
remarks that formality of such spaces can be obtained under the hypothesis that k > c 
(resp. c—1) where c is the rational cup-length of X (resp. when X is a Poincare duality 
space). 

3. Formality of Schubert varieties and torus manifolds 

In this section we complete the proofs of Theorems 1.2 and 3.2. 

3.1. Schubert varieties in flag manifolds. Recall that the complex flag manifold 
Cc7(n 1; ■ ■ ■ ,n r ,n r+ i) is the homogeneous space U(n)/(U(ni) x ••■ x U(n r +i)) where 
n = Yli<j< r +i n ji r — 1- ft ma y b e described as the space of all flags A = (A\, • • • , A T ) 
where Aj C C" is a complex vector subspace of dimension nj and Aj _L A^ if j 7^ k. (It is 
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understood that C n has been endowed with the standard Hermitian innerproduct.) When 
rij = 1 for all j < r the manifold is referred to as the classical flag manifold and we shall 
denote it by CFlag nr . Observe that we have a projection CFlag nr —> CG n ^ r onto the com- 
plex Grassmann manifold, defined as A i— > A\ + • • • + A r e CG U}r . This is the projection 
of a fibre bundle with fibre the flag manifold U(r)/U(l) r . The manifold CFlag n r is in fact 
the splitting space of the tautological r-plane bundle over CG ntr = U{n) / (U (r) x U (n—r)). 

One has a complex vector bundle 1 < j < r + 1, of rank rij over CG(n 1 , • • • , n r+1 ) 
whose fibre over the flag A is the vector space Aj if j < r and is the vector space 
(A\ + ■ ■ ■ + Ar) 1 - C C n when j = r + 1. The following vector bundle isomorphism is 
immediate: 

^©■■■©£ r+1 = C\ (6) 

where C n stands for the trivial complex vector bundle of rank n over the flag manifold. 
Taking total Chern classes on both sides we obtain 

n c (o)=i- (7) 

l<j<r+l 

It is well-known that the integral cohomology algebra H*(CG(ni, • • • , n r+1 );Z) is gen- 
erated by the Chern classes q(^),1 < i < rij, 1 < j < r + 1, subject to the (non- 
homogeneous) relation (7). This relation can be rewritten as 

<m = n ( c ^)) -1 - ( g ) 

l<j<r 

It follows easily that Cj(^),l < i < rij,l < j < r, generates the cohomology ring 
H*(CG(m,...,n r );Z). When rij = 1 for 1 < j < r, we see that #*(CFlag nir ; Z) is 
generated by the degree 2 elements ci(£j), 1 < j < r. 

It is well-known that any complex flag manifold has a cell decomposition with only 
even dimensional cells, which are the Schubert cells. (See for example [11].) The Schubert 
varieties are the corresponding closed cells. 

The above discussion and observations apply in the case of quaternionic flag manifolds 
as well. Indeed, MG(ni, . . . , n r+ i) = Spin) / (Sp{ni) x ••• x Sp(n r+ i)) is the space of 
all quaternionic flags A = (A\, . . . , A r ) where Aj is a left H- vector subspace of HP such 
that dime A/ = rij and Ai _L Aj if i ^ j with respect to the standard innerproduct on 
H n defined as (q, q') = Ei<j<„ W'j' 1 = (?i> • • • > Qn), Q' = (<?i, • • • , Qn) e H n . As in the 
complex case MG(ni, . . . , n r+ i) has a CW structure with cells only in dimensions which are 
multiples of 4. The closures of these cells are the quaternionic Schubert 'varieties'. Denote 
the tautological H-vector bundle on M.G(n%, . . . ,n r+1 ) by rjj, 1 < j < r + 1. One has an 
H-vector bundle isomorphism ©i<j<r+i^j — M n - Denoting the total symplectic Pontrjagin 

classof r]j by e(rjj) = l+ei(r]j)-\ He n .(^) where ei(r)j) G H 4t {MG(ni, . . . , n r +i); Z) is the 

j-th symplectic Pontrjagin class, we have ni<j<r+i e ( r lj) = 1- (Cf- [2, §9].) The integral 
cohomology ring is generated by ei(r]j), 1 < i < nj, 1 < j < r. When rij = l,j < r, we 
see that the integral cohomology ring is generated by elements of degree 4. 



FORMALITY OF SCHUBERT VARIETIES AND TORUS MANIFOLDS 



13 



Now let K be a compact connected simply connected semisimple Lie group and let T be 
a maximal torus. Then K/T has the structure of a complex projective variety. Indeed let 
G be the simply connected complex Lie group whose Lie algebra is the complexification of 
that of K. Then choosing a Borel subgroup B that contains T we have a diffeomorphism 
K/T = G/B. When K = SU(n), the G/B is just the complex flag variety CFlag^^. 
The homogeneous spaces G/B are again referred to as generalized (complex) flag varieties. 
They have a CW structure with cells only in even (real) dimensions arising from the 
Bruhat decomposition. In fact, T-fixed points in K/T are in bijection with the elements 
of the Weyl group W(K,T). The 5-orbits of the T-fixed points are the open cells of a 
CW structure and are called the Schubert cells. See [11]. Their closures are again called 
Schubert varieties. Also, the integral cohomology algebra H*(K/T;7*) is isomorphic to a 
quotient of the polynomial algebra in I generators, where I = rank(K) = dim(T). Each 
of these generators have degree two. See [1]. 

Proof of Theorem 1.2. Suppose that X is a union of Schubert varieties in FFlag nr . Then 
the inclusion-induced map i7*(FFlag nr ) — >■ H*(X) is a surjective ring homomorphism. In 
particular H*(X) is generated by degree 2d elements where d = dime F. By Theorem 1.1, 
we conclude that X is formal. The same arguments also show that any union of Schubert 
varieties in G/B is formal. □ 

Remark 3.1. (i) Not all homogeneous manifolds are formal. It is shown in [16, Propositin 
4.15] that M := SU(Q)/(SU(3) x SU(3)) is not formal by exhibiting a non-vanishing 
Massey triple product. Note that M is the total space of a principal circle-bundle over the 
complex Grassmann manifold C(j6,3- 

(ii) It is well-known that any generalized complex flag manifold G/B, or more generally 
G/P where P is a parabolic subgroup, is formal. For example this follows from the main 
theorem of [6] which says that any compact Kahler manifold is formal. The problem of 
determining which Schubert varieties in a generalized complex flag variety G/P are formal 
seems to be more difficult and will be theme of a subsequent paper. 

(Hi) The quaternionic flag manifolds Y := HG(ni,...,n r+ i) do not even admit almost 
complex structures. See [12]. Hence the main theorem of [6] is not applicable for these 
manifolds. However, the formality of a quaternionic flag manifold may be established 
using the explicit description of a Sullivan model of homogeneous spaces given in [7, Pro- 
postion 15.16] as follows. The model AW of Y is isomorphic to the model AV for the 
corresponding complex flag manifold X := CG(ni, . . . , n r+ i) in the following sense: for 
each basis element Ui & V of degree 2ki, there is a basis element Xi of degree 4ki in W 
and for each generator Vj of degree 21 j — 1 there is basis element yj of degree Alj — 1 of 
W and Ui h-> Xi, Vj — > yj defines an isomorphism AV — > AW of differential algebras. It 
follows that the formality of AW is equivalent to the formality of AV . Since the complex 
flag manifold X is formal, it follows that the quaternionic flag manifold Y is also formal. 

3.2. Torus manifolds and their cohomology. We begin by recalling the definition of 
a torus manifold due to Hattori and Masuda [10]. We describe the cohomology algebra of 



14 



PRATEEP CHAKRABORTY AND PARAMESWARAN SANKARAN 



the torus manifold assuming that the torus action is locally standard and that the orbit 
space is a homology polytope and use it to prove Theorem 1.3. 

Let M be a smooth compact connected orientable manifold of dimension 2n which is 
acted on effectively by an n-dimensional torus T = (S 1 )" with non-empty set of T-fixed 
points. Such a manifold (with an 'omni-orientation' to be defined below) is called a torus 
manifold. Note that the set of T-fixed points in M is finite. We assume that the action 
is locally standard, that is, M is covered by coordinate charts {(U, 0)} where each U is Te- 
stable and 4>(U) C lR 2n = (lR 2 ) n is stable by the standard action of (S 1 )™, and there exists 
an isomorphism r : T — > (S 1 ) 71 (depending on U) such that <fi : U — > <p(U) intertwines the 
action of T on U and that of (S 1 )" on <fi(U): 4>(t.x) = r(t)<p(x). In view of the fact that 
(piU)/^ 1 ) 71 C M 2 ™/^ 1 )™ S R^ , M/T =: Q is a manifold with corners. 

When M is a non-singular projective toric variety or a quasi-toric manifold, Q is a 
simple (convex) polytope of dimension n. (A polytope is simple if exactly n facets — 
that is, codimension-1 faces — meet at each vertex. For example a dodecahedron is a 
simple polytope but an octahedron is not.) In the case of a general torus manifold, Q 
need not be a polytope. Denote by dQ the set of points in Q which do not have a 
neighbourhood homeomorphic to an open set in IR n . Our assumption that the T-action is 
locally standard implies that dQ = U\<i<dQi where the Qi are of codimension one in Q. 
They are the facets of Q. A non-empty intersection of facets of Q is called a preface of Q. 
We regard Q also a preface of Q (corresponding to the intersection of the empty family 
of facets). We say that Q is a homology polytope if every preface F of Q is acyclic, that 
is, H*(F;Z) = 0. In particular, any preface is path connected. The hypothesis that Q 
is a homology polytope implies that iT*(M;Z) vanishes in odd dimensions. (Note that, 
in particular, M is orientable.) Furthermore, for any facet Qi of Q, the inverse image 
P l {Qi) =: Mi is again a torus manifold acted on by T/Si with quotient the homology 
polytope Qi. Here Si = S 1 is the isotropy subgroup at any point in Mj which maps to 
the (relative) interior of Qi. In particular M, is also orientable. The Mj are called the 
characteristic submanifolds of M. 

An omni-orientation on M is an orientation of M together with the choice of an orien- 
tation of each M». Fixing an omni-orientation determines a choice of a parametrization 
of Si in a natural way. Thus we obtain an element Vi G Hom(S 1 , T) = Z n for each % < d. 
Let F be the collection of facets of Q. Define A : F — > Hom(S 1 ,T) = Z n by X(Qi) = i>j. 
Then A satisfies the condition 

Vi 1} . . . , Vi n form a Z — basis of Hom(§ 1 , T) whenever Q^ D • • • fl Q ln ^ 0. (6) 

The torus manifold M can be reconstructed from the pair (Q,X). Indeed if Q is any 
n-dimensional homology polytope and if A : F — > Hom(§ 1 ,T) is any map that satisfies 
(6) then there exists a torus manifold (M, T) with M/T = Q and characteristic map A. 
In particular the cohomology algebra H* (M; Z) has the following description in terms of 
F and A. Observe that one has a natural pairing (— , — ) : Hom(T, S 1 ) x Hom(S 1 ,T) — > Z 
defined by (u, v) = n 6 Z where u o v(z) = z n , z G S 1 . 
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Theorem 3.2. (Masuda and Panov [14] J With the above notations, the cohomology al- 
gebra H*(M; Z) is isomorphic to the the polynomial algebra in indeterminates Xi, ■ ■ ■ ,Xd 
where deg(xj) = 2 for 1 < % < d modulo the ideal generated by the following elements: 
(i) Xj x . ■ ■ ■ .Xj r whenever PI- • • f)Qj T = 0, (ii) Ylx<j<d( u -> v i) x ii w ^ere u G HomiT,^ 1 ) . 
An isomorphism is obtained by sending x^ to the cohomology class [Mi] € iP(M;Z) dual 
to the (oriented) submanifold Mi C M. □ 

See also [5], [8], and [4]. Note that in (ii) above, it suffices to let u vary in a basis of 
Hom^S 1 ). 

We now finish off the proof of Theorem 1.3. 

Proof of Theorem 1.3: In view of the above theorem we obtain that H*(M) is generated 
by elements of degree 2. We conclude by Theorem 1.1 that M is formal. □ 

Panov and Ray [18] established the formality of quasi-toric manifolds using the theory 
of model categories and observed that their argument also applies in the case of torus 
manifolds with locally standard action and orbit space a homology polytope. 

It is well-known that any smooth projective toric surface with Euler characteristic 4 is 
isomorphic to the Hirzebruch surface F a which is defined as the CP 1 -bundle associated 
to the bundle C © L a over CP 1 . Here C denotes the trivial (complex) line bundle and 
L a denotes the line bundle having degree a G Z. Note that F = CP 1 x CP 1 and it 
can be shown that Pi is just the connected sum CP 2 #CP 2 where CP 2 denotes the same 
manifold CP 2 with orientation opposite to that obtained from its complex structure. 
It is known that F a is homeomorphic to P& if a = b mod 2. In the realm of quasi- 
toric manifolds we also obtain CP 2 #CP 2 . In fact it is known that any quasi-toric four- 
dimenisonal manifold can be decomposed as a connected sum of copies of CP 2 , CP 2 and 
CP 1 x CP 1 . Fixing the Euler characteristic to be 4, we obtain that the only possibilities 
are X := CP 2 #CP 2 , X : = CP 2 #CP 2 and N = CP 1 x CP 1 . See [17] and [4, Example 
1.20]. The torus quotients of each of these is just the square. The integral cohomology 
algebras of these are obtained as H*(X;Z) = Z[x 1 y]/(xy 1 x 3 1 x 2 + y 2 ), H*(X;Z) = 
Z[x, y]/{xy, x 3 , x 2 — y 2 ), H*(N;1 1 ) = Z[w, v]/(u 2 , v 2 ) where all the indicated generators 
have degree 2. Now u \- > x + y, v — > x — y defines an isomorphism of the rational 
cohomology algebras H*(N) — > H*(X) since (x + y) 2 = (x — y) 2 = and (x + y) (x — y) = 
2x 2 0. Since X and iV are formal and simply connected, it follows that they have 
the same rational homotopy type. Again, a straightforward argument shows that there 
is no isomorphism between H*(N;Q) and H*(X;Q). It follows that iV is not rational 
homotopically equivalent to M. 1 This illustrates that the rational homotopy type of a 
quasi-toric manifold M depends not only on the polytope M/T but also on its characteristic 
map X. 

Remark 3.3. The quasi-toric manifolds are a generalization of smooth complex projective 
toric varieties [8]. One knows from the work of Deligne, Griffiths, Morgan, and Sullivan 

1 Howcver, setting k := 1] the spaces N and X have the same fc-homotopy type since u n- 

x + \/—ly, v i — V x y—ly defines an isomorphism H*(N; k) — > H*(X; k). 
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[6] that any compact Kahler manifold is formal over R. It is known that, for path connected 
spaces of having finite type rational cohomology, formality over any field of characteristic 
zero implies that formality holds over Q; see [9, Theorem 6.8]. In particular, this implies 
that any smooth complex projective variety is formal (over Q). In fact it was shown 
in [6, §6] that formality holds for the more general class of compact complex manifolds 
for which the dd c -lemma holds. It was observed in [6] this class of manifolds includes 
Moisezon spaces. (A complex manifold M is a Moisezon space if the transcendence degree 
over C of the field of meromorphic functions on M equals c\im.^M.) In particular, it 
follows that any smooth complete toric variety M is formal since M contains an open 
space isomorphic to C n (where n = dimcMj and hence Moisezon. However, there are 
quasi-toric manifolds which do not even admit an almost complex structure and so their 
formality cannot be derived from [6] . An example of such a manifold is the connected sum 
of two complex projective planes, CP 2 #CP 2 . 

Acknowledgement: The authors thank Aleksy Tralle for pointing out to us the paper 
of S. Papadima [19]. 
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